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Abstract. Bohm Mechanics and Nelson Stochastic Mechanics are confronted with 
Quantum Mechanics in presence of non-interacting subsystems. In both cases, it 
is shown that correlations at different times of compatible position observables on 
stationary states agree with Quantum Mechanics only in the case of product wave 
functions. By appropriate Bell-like inequalities it is shown that no classical theory, in 
particular no stochastic process, can reproduce the quantum mechanical correlations 
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1. Introduction. 

Bohm Mechanics [1] [2] and Nelson's Stochastic Mechanics [3] [4] [5] have been exten- 
sively studied as classical dynamical systems associating classical trajectòries, respec- 
tively deterministic and stochastic, to the Schròdinger equation. 

In both theories, particle positions evolve according to equations which depend on 
the Schròdinger wave function i/^i^ij • • • ,Xn,t) in such a way that the particle density 
p{xi, . . . ,Xn,t) coincides with |i/;(x, í)p at all times if so does at some (initial) time. 

Both theories have been advocated [6] as perfectly adequate alternative descrip- 
tions of Schròdinger Quantum Mechanics. In particular, it is believed that both the- 
ories reproduce all the predictions of non-relativistic Quantum Mechanics of spinless 
partides (QM) which can be expressed in terms of observations of particle positions 
[6]. 

As a matter of fact, coincidence of densities at all times amounts to coincidence 
of all (probabilistic) predictions for the observation of position variables at any given 
time. It is a fact that for genèric time evolutions, there are no further quantum 
mechanical predictions for position observables, since position variables at different 
times do not commute in general, so that a common probabilistic intèrpret ation is 
excluded. Moreover, for spinless Schròdinger partides, there are no additional ob- 
servables which are compatible with all position variables at a given time, so that no 
additional prediction can be derived in Quantum Mechanics. 

It is therefore concluded that if only position observables are considered, Bohm 
Mechanics and Nelson Stochastic Mechanics give exactly the same predictions as 
Schròdinger Quantum Mechanics. 

However, even restricting the attention to position observables of spinless Schrò- 
dinger partides, the above conclusion is not as general as it may appear. In fact, 
position observables of partides belonging to non-interacting subsystems clearly com- 
mute also at different timbes, so that quantum mechanical predictions for their common 
vàlues are perfectly defined and can be confronted with the corresponding predictions 
of Bohm and Nelson mechanics. Such a comparison is clearly relevant also in view 
of the difficulty of arguing against the measurement of positions of non-interacting 
partides at different times, possibly in vcry distant regions. On the contrary, it would 
be hard to assume that exact simultaneity of measurements can be achieved. 

Difficulties in the physical interpretation of trajectòries, especially in the presence 
of non interacting subsystems, have been in fact pointed out and discussed by Nel- 
son [7] in terms of problems with "separability" , i.e. independence of the stochastic 
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equations of a subsystem from changes in the interactions within different, non inter- 
acting, possibly very distant subsystems. Blanchard et al. showed in ref. [8] that 
discrepàncies between QM and Nelson Mechanics disappear if the efFects of measure- 
ments on Nelson equations are taken into account, through a mechanism analogous 
to a wave function "coUapse". As a result of their analysis, however, the dynami- 
cal equations of a subsystem depend on measurements performed on different, non 
interacting, possibly very distant subsystems, and Nelson's criticism applies. 

In the case of Bohm mechanics, to avoid disagreement with QM, Bell proposed 
to include the measurement apparata in the system [9] , and to consider only position 
measurements of pointers, all at the same "final" time. Clearly, on one side this 
results in a totally unrealistic constraint on measurements, on the other it forbids 
any interpretation of trajectòries, when the main motivation for Bohm theory was 
to reformulate and possibly reinterpretate Quantum Mechanics in terms of them. A 
discussion of examples of disagreement between Bohm Mechanics and QM has been 
given recently in refs. [10] [11] . 

The purpose of the present paper is to take seriously Bohm and Nelson Mechan- 
ics as classical probabilistic theories about trajectòries and to clarify the extent of 
disagreement with the predictions of QM for compatible position observables of non 
interacting subsystems. We will show in complete generality that both Bohm Me- 
chanics and Nelson Stochastic Mechanics agree with QM, for a stationary state, if 
and only if the state wave function is a product over the subsystems. Moreover, we 
will show that such a situation is not special to Bohm and Nelson theories, proving 
that no classical probability theory can reproduce the QM predictions for compatible 
position observables at different times of a large class of systems. This implies in 
particular that the proposal of [8] cannot be interpreted as a conditioning procedure 
on a classical probability theory. 

In Sect. 2 the framework of our arguments will be fixed. We will recali that 
the existence of classical theories reproducing all quantum mechanical predictions for 
position observables at equal times foUows immediately from the spectral theorem 
and that, more generally, any coUection of probabilistic predictions for disjoint sets of 
observables can be reproduced by classical theories. We will conclude that position 
observables of non interacting partides at different times give the only relevant test 
for a trajectory description of Schròdinger QM. 

In Sect. 3 we will discuss the predictions of Bohm Mechanics and Nelson Stochas- 
tic Mechanics for the joint distribution of compatible position observables at different 
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times, for any stationary state. In both cases they turn out to be different from the 
corresponding Quantum Mechanical predictions, with the only exception of product 
wave functions. In the Appendix, Nelson probabihty distributions will be shown to 
be computable in terms of Quantum Mechanical evolution at imaginary times, with 
Dirichlet boundary condition on the nodes of the wave function. An explícit compu- 
tation will be performed for a system of two harmònic oscillators. 

In Sect. 4, by constructing appropriate Bell-Clauser-Horn inequalities, we will 
show that no classical theory can reproduce the quantum mechanical predictions for 
joint distribution of position observables of non interacting systems at different times, 
even in the case of stationary states of very elementary systems. 

From the above results we conclude that no attempt for a classical description 
of Schrodinger Quantum Mechanics in terms of particle trajectòries can go beyond 
the reproduction of equal time correlations and that it is precisely the restriction to 
disjoint sets of compatible observables, rather than the use of positions variables, that 
allows for a classical description. 

2. Comparison of theories and systems of observables. 

Comparison between theories clearly depends in general on the class of experiments, or 
"observables " which are considered. Moreover, since in QM not all pairs of observables 
can be measured together, the description of sets of observables must include a notion 
of joint measurability. For the sake of clarity, it is convenient to partially formalize 
such notions through the foUowing definitions (see e.g. refs. [12] [13]). 

Definition 2.1 A set of observables is a set X with a relation TZ satisfying reflexivity, 
ATZA \/A e X and symmetry, ATZB =^ BTZA. If ATZB , A and B are called 
compatible. 

The elements A E X are thought to be associated to experimental devices, provid- 
ing, in case the experiment is performed, a real number xaÍi]) "the result of the 
mcasurement of A in the experiment i] " . Compatible experiments can be performed 
together; given a subset y of X consisting of compatible observables, and ^4 in y, 
the corresponding experiments rjy give rise to functions fA '■ Ey >—>■ IR. 

Definition 2.2 An experimental arrangement is a subset Y of X consisting of com- 
patible elements, i.e. ATZB \/A,B e Y . For each experimental arrangement Y there 
is a set Ey of experiments and, for all A eY , a function fA '■ Ey i— > IR. 
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The functions fAivv), Vy £ Ey contain all the information about relations between 
the results of compatible experiments, usually interpreted as relations between ob- 
servables. The same information is contained in the C* algebras they generate, and 
in fact it is usually given, e.g. in QM, in terms of commutative C* algebras of com- 
patible observables. Such algebras arise automatically if the observables are assumed 
to form a (non-commutative) C* àlgebra, as in the Haag-Kastler approach to QM 
[14] [15] . In particular (see below), the above relations can be taken as the basis for 
the discussion of the problems of the interpretation of QM. We introduce therefore 
the foUowing notion: 

Definition 2.3 A system of observables consists of a set X , a compatibility relation 
IZ, a collection of sets Ey indexed by all experimental arrangements and a coUection 
of functions /^(^r)? A & Y . 

Given a system of observables, a theory consists in general of a set of probability 
assignments for the vàlues of the functions /a , and can be formalized as foUows: 

Definition 2.4 A system of predictions for a system of observables {X,TZ, {Ey}, {/yi}) 
is an assignment of probability measures d/iy on the spaces Ey so that all the func- 
tions /yi(?7y), A&Y , are measurable. 

The predictions for the mean value of the observable A, measured with the experi- 
mental arrangement Y , is therefore 



Given a theory, difïerent systems of observables can be introduced. In particular, 
the choice of a subset Xi of a system X of observables amounts to restricting the 
interpretation of the theory to the system of predictions indexed by the experimental 
arrangements contained in Xi . 

In the ordinary interpretation of QM it is assumed that observables correspond 
to selfadjoint operators in a Hilbert space H. Moreover, it is assumed 

i) two observables are compatible if and only if the corresponding operators commute, 

ii) all selfadjoint operators define observables. 

Experimental arrangements are therefore indexed by all commutative G* subalgebras 
of B{T-Í) , the spaces Ey being given by their spectra and /a by the corresponding 
Gelfand representations. 
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The above notion of system of predictions is close to the generalized notion of state 
introduced by Bell [16] . It is well known that, by Gleason's theorem [17] , no system 
of predictions on the system of observables defined by i) and ii) can be reproduced 
by any classical theory. i.e. by the Identification of the functions fAivr) with a set 
of (measurable) functions Fa{C) on a commou measure space, if the dimension of 
Tí is greater than two. It also foUows from the Bell-Kochen-Specker theorem [18] 
that no classical representation exists for any system of predictions on the coUection 
of the commutative subalgebras of the àlgebra generated by the angular momentum 
operators in the representation with 1 = 1. Similarly, Bell inequalities imply that 
no classical representation exists for the system of predictions defined by suitable 
quantum mechanical states on the system of observables defined by appropriate spin 
observables of two spin 1/2 partides. 

However, as stressed by Bohm and Bell [9], assumption ii) may be too general, in 
particular, angular momentum and spin observables may be in some sense not admissi- 
ble, and the choice of a physically motivated subset of observables may lead to a better 
motivated and possibly classical interpretation of QM. This possibility is exploited by 
Bohm's and Nelson's trajectory description of Schròdinger Quantum Mechanics. In 
terms of the above discussion, Bohm's and Nelson's theories are compared with QM 
by substituting assumption ii) above with 

üB) only position operators define observables. 

In the foUowing we will assume üB) and consider, for a system of partides, only ob- 
servables consisting of measurable, bounded functions with compact support f{xi{t)) , 
i = l...N, í G IR. 

To discuss the ròle of compatibility rclations, we first notice that the predictions 
of Bohm and Nelson Mechanics are usually compared to those of QM for position 
observables at the same time. In the framework discussed above, such a restriction 
amounts to assuming as compatibility relation between position observables the fact 
that they are measured at the same time. 

There are cases in which such a choice is forced by quantum mechanical compat- 
ibility, i.e. only functions of position at the same time define commuting operators. 
This is in fact the case of a free particle in one space dimension: 

Proposition 2.5 Let f and g be bounded measurable functions with compact support. 
If, for some t ^ s, [f{x + pt/m), g{x + ps/m))] = 0, then / = or g = 0. 

Proof. Let t= {s — t)/m. [f{x+pt/m),g{x-'rps/m)] =0 is equivalent to [f{x),g{x-\- 
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pr)] = 0. The operator 



g{x +PT + a) = e g{x + pr) e 



,iax/T 



(2.1) 



then commutes with f{x) for all a e IR and therefore g{x + pr) commutes with 
f{x — a) for all a. If / is not a constant, the Von Neumann àlgebra F generated by 
f{x — a), a e IR contains a characteristic function X/(^) of a bounded measurable 
set /, and therefore all Xii^ — a) . It is easy to see that, e.g., ip{x) = ex.p—x'^ is a 
cyclic vector for F in L^(]R); in fact, for 0(a;) in L^(]R), 



and therefore, by analiticity of xi , (V'çí») = 0, tpcf) = and = 0. It foUows that, 
since g{x + pr) commutes with F, it is a multiplication operator, g{x + pr) = h{x) 
and therefore, by eq.(2.1), ^ is a constant. 

The above result dees not however extend to more than one dimension, since, 
e.g., different components of the position of a free particle commute and are therefore 
quantum mechanically compatible also at different times. More generally, for particle 
systems composed of non interacting subsystems, functions of positions of partides 
belonging to different subsystems correspond to commuting operators for all times, 
and therefore they are compatible observables according to QM. For such systems the 
choice of equal times as the compatibility relation between position observables has no 
clear motivation. Common probability distributions for such positions are predicted 
by QM and can be compared with the prediction of Bohm and Nelson Mechanics. 

Moreover, such a comparison is in a sense the only relevant test for the above 
theories. In fact, a compatibility relation consisting of "being observed at the same 
time" is clearly a transitive relation, giving rise to the partition of observables into 
disjoint classes; the foUowing Proposition recalis that this fact implies by itself the 
existence of a common classical description of any set of probability distributions for 
all admitted experimental arrangements, independently from any other assumption 
on the observables, in particular from the above assumption üB). In other terms, 
if the possibility of measuring observables at different times is discarded, quantum 
mechanical predictions for any commuting set of observables at each time a priori 
admit a classical representation. 




/ denoting the Fourier transform of / , implies 
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Proposition 2.6 Let X,TZ,{EY},{fA{VY)} be a system of observables, with Ey 
compact Hausdorff spaces, and {dfiy} o- system of predictions for it consisting of 
Borel measures. If TZ is transitive, there is a measure space S, di/ and for each A in 
X a measurable functions -Fa(C) such that, for all finite sequences of observables 
in an experimental arrangement Y and real intervals P , 

» n 

l^YÜriY ■■ Ía^Vy) e P}) = du 1[xiÀFa40) , (2.2) 

i=i 

Xi denoting the characteristic functions of the interval I . 

Proof. Let S be the topological product of the spaces Ey with the product measure 
dv = Yly d^y . Transitivity of TZ imphes that experimental arrangements are disjoint 
sets. Each observable A belongs therefore to a unique experimental arrangement Ya ■ 
Denoting points of S as ^ = {^y} , the functions Fa{^) = /aÍCva) therefore well 
defined and 

» n 

I^YÍ{VY : fA^iVY) e P}) = / d^y Ylxh ifAii^Y)) = 

•^-^y i=i 



= / diy UxiAFAm ■ (2.3) 

i=i 

Since any quantum mechanical state defines, through the spectral theorem, a sys- 
tem of predictions, in the sense of Def. 2.4, on any coUection of sets of commuting 
operators, it foUows from Proposition 2.6 that any quantum system has a classical 
description, in terms of the classical probability space S , if the experimental arrange- 
ments admitted by the choice of the compatibility relation are disjoint. 

In particular, if positions observables are assumed to be compatible only at the 
same time, all the corresponding quantum mechanical predictions are represented, by 
Proposition 2.6, in terms of a probability measure in the space of trajectòries {xt} ■ 
Clearly, the measure du constructed in Proposition 2.6 is not unique, and in fact, for 
quantum mechanical position observables, both Bohm and Nelson Mechanics provide 
vàlid alternatives. The problem of the abundance of such alternatives has in fact being 
addressed [19] , and clearly no solution with observational content exists if correlations 
at different times are not taken into account. 

We conclude that it is very relevant to extend the comparison of Quantum Me- 
chanics and Stochastic Mechanics to cases in which positions at different times can be 
taken as compatible observables. 
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3. Bohm's and Nelson's stochastic predictions for compatible positions at 
difFerent times. 

We will compare the predictions of Quantum Mechanics, Bohm Mechanics and Nelson 
Stochastic Mechanics, in the case of stationary states, for position variables of non 
interacting subsystem at different times. The stationary case turns out to be sufficient 
for a clear comparison with Quantum Mechanics, since completely different predictions 
will result already for stationary states. 

Quantum mechanical predictions can be characterized in very simple terms for 
the foUowing class of systems: let 

n 

H = J2Hí{xí,Pí) , (3.1) 

Xi , Pi denoting positions and momenta of n clusters of Schròdinger partides. Let 

Hi = H^ + ViiXi) 

with Hf the kinetic energy operator of the i cluster and Ví{xí) its interaction po- 
tential, which we assume small with respect to Hf in the sense of bilinear forms [24], 
so that Hi and H are uniquely defined as self-adjoint opcrators. All Hi are then 
boimded below and their point spectrum is assumed to include non dcgenerate eigen- 
valucs , with eigenvectors . Any eigenstate of H , with eigenvalue E is then of 
the form 

N n 

^E-J2^sU^t^'''^ (3-2) 

8 = 1 i=l 

with 

n 

J2 Xi^'''^ = E \/s = l...N (3.3) 

The QM correlation functions of position observables on such states are immediately 
calculated as 

{'^Ejl{xi{ti))---fn{Xn{tn))'^l^E) = 

= i^E, é""^'^ /i(xi) e-'"^'^ ■ ■ ■ é"-'- U{xn) e-'"-'-i^E) = 

n 

= ES.'P IK^'""'. ^."■"") (3.4) 

s,p í=l 
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and are therefore finite combinations of products of trigonometric functions of íi . . . 
In particular, for n = 2, and real, they are of the form 



N 

iil·E,fiixiiti))f2ÍX2Ít2))il^E) = J]C.cosa;«(íi -Í2) (3.5) 

8 = 1 

with Cg real. 

The derivation of correlation functions for position variables at different times is 
almost trivial for Bohm Mechanics, as a consequence of the stationarity assumption. 
For partides, Bohm mechanics is in fact defined by a probability distribution at 
í = 

p{xi, xn) = \ip{xi, xn)\^ (3.6) 
and by evolution equations 

dxAt) 1 d 

—— = — Im—log'ip{xi,...,XN,t) , (3.7) 
dt rrii oxi 

iIj{xi, . . . , Xn, t) denoting a solution of the Schròdinger equation 

i * 

In the case of a stationary state, since if) can be taken to be real, the velocity field 
on the r.h.s. of cq.(3.1) vanishes identically and therefore the trajectòries Xi{t) are 
simply constant. The probability distribution for position observables Xi{ti) , 
Xk{tk) is therefore the same as the distribution for Xi(0), . . ., Xk{0)- From eq.(3.4) 
we have therefore 

Proposition 3.1 The Bohm probability distribution for position observables of non 
interacting subsystems at different times, for a stationary state ip of a system with 
Hamiltonian of the form (3.1) coincide with the quantum mechanical result, eq.(3.4) 
if and only if i/j is a product, 

i;{xi, ...,Xn)= i^i' (xi) • . . . • Vn" W (3.9) 
E.g., for a system of two independent harmònic oscillators, with Hamiltonian 

~ 2 2 2 2 
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in the stationary state 

ipo denoting the ground state and ifji the first excited state of Hq , the Bohm prob- 
abihty distribution for xi{t), X2{s) is independent of times; the quantum mechanical 
expectation of their product is however 

, , , , . X , X cosa;(í — s) 



In the case of Nelson Mechanics, probabihty distributions for positions at different 
times are obtained from solutions of stochastic equations. For a system of N parti- 
des, with positions Xi{t) , Nelson Mechanics is defined [5] by the forward stochastic 
equations 

dxi = bi dt + dwi (3.10) 

with dwi independent white noises, 

1 d 

bi{xi,...,XN,t) = — {Re + Im)-—log'i{;{xi, . . . ,XN,t) (3.11) 
rrii oxi 

and ij) a solutions of the Schròdinger equation, eq.(3.8). As in Bohm Mechanics, the 
probabihty density is assumed to coincide with at some time, and therefore at 
all times, as a consequence of eqs. (3.10), (3.11) [5]. 

For non interacting clusters of partides, i.e. for V{xi, . . . , Xn) = Ví{xí) , xi 
denoting the position vector of a cluster of partides, if V'(a:^i, • ■ ■ , 2;^, 0) is a product 
of wave functions, the same holds for all times, 

ll}{xi,...,Xn,t)=YYll}i{Xi,t) (3.12) 

i 

It foUows that the drift for each cluster of particle only depends on position variables 
within the cluster, 

hi = h{xi) (3.13) 

so that equations (3.10) split into subsets. Each of them gives rise to the Schròdinger 
evolution for the particle density in the corresponding cluster and therefore the solution 
of eqs. (3.10) (see below for its existence and uniqueness) gives a joint probabihty 
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density for xi{ti), . .., Xn{tn) 

Pixiih), . . . ,Xn{tn)) = l[\MXi,t)f (3.14) 

i 

It foUows that for product wave functions the predictions of Nelson Mechanics coincide 
with those of Quantum Mechanics, also for positions at different times. 

The situation is completely different for wave functions which are not a product. 
In this case, even for stationary states, eqs.(3.10) are not independent and their solu- 
tion must be examined more closely. Let us consider a (normahzed) stationary state 
iPe{xi, ■ ■ . ,xn) of a Hamiltonian of the form (3.1). The Nelson forward stochastic 
equations are 

1 d 

dxi = — -;r—\ogiiE{x-í, . . . ,xn) dt + dwi (3.15) 
rrii oxi 

and coincide, by reality of i/j , with the backward equations. 

If i/je is not a ground state, it vanishes on surfaces of codimension 1, so that 
is singular on such surfaces. Existence and uniqueness of the solution of 
eqs. (3.15), i.e. of the stochastic processes associated to eqs. (3.15) does not therefore 
foUow from Standard results [20] . A (unique) solution has been constructed by Carien 
[21] for a large class of Schrodinger wave functions i^eÍxi . . .XN,t) ,hj approximating 
singular drifts with regular ones. 

Carien's construction is very general and solves Nelson's equations also in the case 
of time dependent wave functions. In the case of stationary states, the solution has 
been discussed in refs. [22] [23] and shown to be given by the unique Markov process 
with generator extending the Fokker-Planck operator [20] associated to eqs. (3.15). 
Such a Markov process is well defined, and actually generated [22] by the Priedrichs 
extension [24] of the Fokker-Planck operator for all ip{xi, . . . ,xn) in L2(IR^) with 
derivatives. 

It is easy to show that, as a consequence of the general structure of the semi- 
group associated to a Markov process, invariant under time reflection as required by 
coincidence of forward and backward drifts, with stationary measure \'i/jE\'^dxi . . . dxn , 
the corresponding predictions for correlations of non interacting subsystems at differ- 
ent times are not compatible with the Quantum Mechanical result, eq. (3.4), unless 
ip{xi, . . . , X'fij is cl product, eq. (3.9). For completeness, in the Appendix the general 
form of correlations at different times will be given in terms of QM Hamiltonians; 
moreover, the Carien construction will be explicitly performed for a system of two 
harmònic oscillators, resulting in disagreement with the QM predictions. 
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Let us therefore consider the structure of the unique solution of eqs. (3.15). It 
is given [20] [23] by a positivity preserving semigroup A{t) , t e [0,oo) acting in 
L'^ÇíR-^, \ipE\'^dxi . . . úxn) such that 

j d^i fixit)) g{x) = J f A{t)g \il^E\''dxi ...dx^ . (3.16) 

More generally, for tk > ífc-i > ■ ■ ■ > h, 

du fi{x{ti)) . ..fk{x{tk)) = 



= j h{x) A{tk-tk-i){h-i{x)...A{t2-t^)h{x))...)\'4^E?dx^...dxn ■ (3.17) 

Stationarity of \il'E\'^dxi . . .dxn and time reflectien symmetry imply A{t)l = 1 and 
hermiticity of A{t) , so that 

^(í) = exp-íT (3.18) 

with T selfadjoint. From the spectral representation of the r.h.s. of eq.(3.18) it foUows 
that T is non negative; in fact, positivity of A{t) imphes boundedness in t of ||A(í)/|| 
for / in a dense subspace since, for bounded / , 

ll^(í)/HÍ^(|^.Pd.,...d.„) = (/,^(2í)/) < (|/U(2í)|/|) < 
<sup|/|(l,A(2í)|/|)<sup|/|||/|| . 

X X 

Restricting the attention to position variables of different non interacting clusters of 
partides we have therefore 

Proposition 3.2 For any stationary state '4>e of a system with Hamiltonian of the 
form (3.1), the solution ofthe Nelson equations (3.15) defines probability distrihutions, 
for position observables of non interacting subsystems at different times, of the form 
(3.17), (3.18). In particular, the two-particle correlations are given by 

J dfj, f{xi{t)) g{x2)) = J f{xi) ex.p-tTg{x2) \'iPe{xi,X2)\'^ dxidx2 = 

= / ex.p-Xtduf^g{X) , (3.19) 
Jo 
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with dvf^g a complex measure. They coincide with the QM result, eq. (3.4), if and 
only if ijj is a product. 

Proof. The spectral representation of T gives rise to the complex measure 

(f,dETÍX)g) = duUX) 
and to the representation (3.19). If a function F{t) is of the form (3.19), then 

hm F(í) = ^^({0}) ; 

t— »oo 

if F{t) is also of the form (3.4), it must be a constant and therefore ^pE is a product, 
as in Proposition 3.1. 

4. No classical theory can reproduce QM correlation functions of compat- 
ible observables at diflferent times. 

We wiU show that the above discrepancy between Stochastic Mechanics and QM is 
not special to Bohm's and Nelson's theories, by proving that no classical probability 
model can reproduce the QM correlation functions of compatible position observables 
at different times for suitable, even very elementary, systems. 

Consider a system composed of two identical sybsystems, with Hamiltonian 

H = K{xi,pi) + K{X2,P2) = Ki + K2 (4.1) 

and let Eq, Ei be two eigenvalues of K, with eigenvectors ·0o, V'l • Let f{x) be a 
measurable function, taking vàlues 1 and —1, and consider the correlation functions 

{^P,f{x^,t)f{x2,s)^|;) (4.2) 

with 

i/j = I/V2 i'tpo{xiytpi{x2) - ÍJi{xi)ípo{x2)) (4.3) 
and f{xi,t) the QM observable f{xi) at time t: 

f{x„ t) = e^*^ f{x,) e-^*^ = e^*^^ f{x,) e"^*^* (4.3) 

All the observables f{xi,t), i = 1,2, t e IR, take vàlues in {—1,1}. Given 
N such observables, the most general classical probabilistic theory consists therefore 



15 

of a probability measure on the space {—1,1}^. FoUowing the discussion of Bell 
inequalities in ref. [25] , we will prové the foUowing: 

Proposition 4.1 There exist Urnes ti, Si, i = 1,2 and QM models such that the set 
of QM predictions for the correlation functions 

{lpj{xi,ti) f{x2,Sj)lp) 

cannot he reproduced by any probability assignment, i.e. there does not exist a non 
negative probability distribution p, on variables ak and ti taking vàlues in {—1, 1}, 

^ p(c7i,0·2,Tl,T2) = 1 (4.4) 
afc=±l r;=±l 

such that 

{Íj,f{xi,ti)f{x2,sj)ij)^ ^ p{ai,a2,Ti,T2) aiTj = < aiTj > . (4.5) 

crfe=±l r;=±l 

Proof. FoUowing [25], it is immediate to check that the function 

O' iTi + a2T2 + 0'2Ti — a iT2 

takes vàlues in [—2, 2] , so that, for any probability distribution, 

I < O-iTi + (T2T2 + (72^1 - 0-IT2 > I < 2 (4.6) 

Eq. (4.5) cannot therefore hold for QM models such that 

(ip, f{xi, ti) f(x2, Si)lp) + (ip, f(xi, Í2) fiX2, 82)^) + 
+ fixi, t2) fiX2, Si)^) - (tP, fixi, íi) f{x2, S2)lP) < -2 (4.7) 

In order to construct such models, let 

f{x) = sign{x) , 

K a selfadjoint operator with 

KiPi^EiiPi , i = 0,1 (4.8) 
and ipi{x) real functions satisfying 

^^0(2;) = ipoi-x) , ipiix) = -iÍJi{-x) , J dx \i'i{x)f = 1 
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It then foUows 



(V'o,/Wo) = (V'i,/Wi) = 



(4.9) 



-l<a<l 



(4.10) 



Let uj = El — Eq. By eqs (4.3), (4.8), (4.9), (4.10), the above expectation vàlues are 
given by 



f{xi, t) f{x2, s)V) = (V' , e'^^' e^^^^ f{xi) fix^) e"^^^* e-^^^« V) = 
= -Re{M^i)M^2),e'''''e'''^'f{xi)f{x2)e-'''''e-'''^'M^i)M^2)) = 



Choosing íi = 0, Í2 = 7r/2a;, si = 7r/4a;, S2 = 37r/4a;, the result for the l.h.s. of 
eq.(4.7) is 

-4 cos(7r/4) = -2\/2 
and satisfies inequahty (4.7) if 



The construction of models satisfying inequality (4.11) is straightforward; e.g., 
for a free particle on an interval [—L, L] , with Dirichlet boundary conditions, taking 
ipo and ipi as the lowest energy states, one obtains = 8/(37r) > ·\/2/2. By taking 
the lowest energy states of double well potentials one can obtain a = 1 — £ , with 
£ > arbitrarily small. a = 1 would correspond to the maximal violation of the Bell 
inequalities (4.6) by QM states [25]. 

The above derivation strictly reproduces the discussion of Bell inequalities for spin 
variables, f{xi,t) playing the ròlc of spin variables and eq. (4.3) corresponding to a 
statc with zero total angular momentum. It shows that the existence of a classical 
probabilistic reprcscntation has nothing to do with the choice of position variables 
and rather depends, as discussed in Proposition 2.6, on the cxclusion of observations 
at different times, giving rise to a transitive compatibility relation. 



cos Lü{t — s) 




(4.11) 
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Appendix 



Explícit formulas will be given here for the correlation functions at different times on 
stationary states in Nelson Stochastic Mechanics, based on the general results of [22]. 
Moreover, the Carien construction will be performed directly, by elementary methods, 
for a system of two harmònic oscillators and the result will be compared with the 
corresponding QM predictions. 

Al. Let us consider a Hamiltonian 



with V = Vi -\- V2, Vi small in the sense of forms with respect to the kinetic term, 
V2 G and bounded below, and if^^xi, . . . , xn) a regular (C^) eigenfunction of 
H . The assumptions on V imply that '0 is in the domain of the form defined by 
the Laplacean, so that it has derivatives. It foUows [22] that the solution of eqs. 
(3.15) is given by the semigroup generated by the Friedrichs extension [24] of the 
Fokker-Planck operator 



defined in L^(]R^^, dxi . . .úxn) on the domain Vq of functions with compact 
support, vanishing in a neighbourhood of the set of zeros of . A more explícit 
representation can be obtained by using the isometry 






(A2) 



W : L2(r3^, ^p^dxi.-.dxN) 



L2(1R3A^, dXi...dXN) 



defined by 



Wf{x) = \il;{x)\f{x) 



{A.3) 



In fact, for every f in T>q, 



N 



2mi 



+ v{x)) wí{x) = iv-r' 1^1) i^A. /+ 



w-'(-E 
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where we have used the eigenvalue equation Hip = Eip , so that, on Vq , 

F = -W-^ {H -E)W (AA) 

Selfadjoint extensions of F in L^(]R"^^, t/j'^ dxi . . .úxn) correspond therefore to self- 
adjoint extensions of H from the domain WT>q : 

Proposition A.l Every selfadjoint extension F in L^(IR^^, tp'^ dxi . . .dxN) of the 
operator F is of the form 

F = -W-^ {H - E)W (A5) 

with H a self-adjoint extension of H , defined on WVq in L^(]R^^, dxi . . .dx^) , W 
the isometry given by eq. (A.3). The Friedrichs extension of F is obtained, through 
eq. (A.5), from the Friedrichs extension of H . is essentially selfadjoint on 

the domain of C°° functions with compact support vanishing on the zeros of ip . The 
semigroup A{t) , eq. (3.18) can therefore he written 

A{t) = W-^ e-'(-^^i A,/2m,)o+V-E) ^ ^ ^^_g^ 

Aj/2mí)o denoting the quantum mechanical kinetic energy operator on C°° func- 
tions with compact support vanishing on the zeros of ip . 

Proof. The isometry W maps the deficiency subspaces of the hermitean operator F , 
on Vq , into those of ií , on WVq . W also maps form domains into form domains. By 
regularity of t/j , the domain WVq consists of all functions with compact support 
not intersecting the zeros of t/j . The Friedrichs extension of the kinetic term Hq 
gives therefore the sum of Laplaceans with Dirichlet boundary conditions and, by an 
elementary computation of deficiency spaces, this operator is essentially selfadjoint 
on the domain of functions with compact support vanishing on the zeros of i/j . 
Sincc V2 is regular and bounded bclow, Hq + V2 remains essentially selfadjoint on the 
same domain (see [26] , Theorems X.27, X.28), and coincides there with its Friedrichs 
extension from WVq . Vi is form-small with respect to Hq and therefore with respect 
to H0 + V2 , as a consequence of V2 being bounded from below; H0+V1+V2 is therefore 
essentially selfadjoint on the same domain and coincides there with the Friedrichs 
extension of H from WVq . 

A2. We shall now rederive explicitly eq. (A.6) in a simple case. i.e for the first excited 
state of a harmònic oscillator, by performing the Carien construction by direct and 
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elementary methods. The result will turn out to be enough for the discussion of 
compatible position observables of a pair of harmònic oscillators. 

Let H the Hamiltonian of a one dimensional harmònic oscillator, 

The Nelson equations corresponding to the first excited state 

TT 

define a Fokker-Planck operator F of the form 



i^^{x) ^ e-^^" , Hi;, = E,i;, , (A8) 



1 d'^ d d 

The drift term in eq.(A.9) is singular at the origin and a possible domain T> C 
L'^{JR,'ipfdx) of F consists of (smooth) functions vanishing at the origin. It is easy 
to see that it is a domain of hermiticity but not of (essential) selfadjointness for F . 

We will perform explicitly Carien's construction [21], which give the stochastic 
processes associated to singular drifts in terms of a sequence of regular approximants. 
The result will be given, as in Proposition (A.l), by the semigroup generated by the 
Hamiltonian operator (A.7), with Dirichlet boundary conditions at 0, the node of V'l • 
FoUowing Carien, we introduce strictly positive regular functions V'o(^) approximating 
ipi and discuss convergence of the corresponding Nelson processes. Let V'o(^) = 
|i/'i(a;)| , for |a;| > e, and V'o(^) = 9^Í^)j f^r \x\ < e, g^{x) a positive even function in 
. and its derivative are assumed to coincide with lipi] at x = ±s, and to satisfy 

Cl e-^g%x) < (f/dx'^ g%x) < ca g'{x) . {A.IO) 

E.g., g"^ can be taken of the form 

g^(x) = cosh(ò^a;) 

with = 0{e), ¥ = 0{l/e) . Introducing 

, dlg^ix) üp-x^ ^ , , ^ 

and zero otherwise, we have 



(All) 
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with 

= H + 6V%x) {A.12) 
Being positive, ipQ is the ground state of . The drifts 

ò^(a;) = ^logV'o^(x) (A13) 

are regular, so that the Fokker-Planck operator = A/2 + b^{x)dx is essentially self- 
adjoint on the domain of smooth functions with compact support in L^(]R, ['^oj'^dx) 
and generates the semigroup A^(t) associated to the Nelson stochastic processes with 
drift . As in Proposition A.l, we have the representation 

FoUowing Carien's construction, we will discuss the convergence of A'^{t) for £ — > 0. 

Proposition A.2 There are sequences Sk such that the operators e~^^* converge in 
norm in L^(IR, dx) . The limit is unique and given by e~^* , with H the Hamiltonian 
(A.7) with Dirichlet boundary conditions at x = 0. The corresponding operators 
converge strongly on a dense domain in (TR, i/jfdx) to 

1^1 1 V'l 



Proof. By eq.(A.lO), for e small, 

< 5V^{x) < C2/x^ 

and therefore 

H < < H + C2/x'^ = H> . (A16) 

The operator is hermitian on the domain = {/ G Cq°, /(O) = / (0) = 0} and 
its Friedrichs extension is greater than , so that, by the minimax principle, the 
eigenvalues E^, n > 0, of the operators in eq. (A.16) satisfy 

En<El< E> 

There are therefore sequences {s\} , {e^} C {e^} if i > j , such that E-'' converge as 
A; — > oo . For {ek} = {e'^} , we have convergence of all the eigenvalues for A; — > oo . By 
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Lemma A.3 below, the eigenfunctions ip^ oi H^'^ converge to the eigenfunctions V'n 
of H . Moreover, 

N 



e 

n=0 



= 5]e-^"'^^tó><V^|+i?^ (A17) 



with ll-R^II < e~^^+i* as a consequence of eq.(A.16). The operators e~^^^^ converge 
therefore in norm, for A; — > oo, to e~^*. The ground state wave functions V'o 
positive and, by Lemma A.3, converge to jV'il uniformly. The operators 

therefore converge, on the dense domain of regular functions with compact support 
excluding in L^(]R, V'iCÍa;) , to 



iV'il V': 



1 

the last equation foUowing form the fact that L^((0, cxo)) and L^((— cxd,0)) are left 
invariant by e~^*. 

Lemma A3 If a sequence of eigenvalues En of the Hamiltonians defined by eq. (A.12), 
n fixed, converges for j — > oo , then the corresponding normalized eigenfunctions ípn 
converge to the eigenfunctions of if^n of H . 

Proof. Since is even, the eigenfunctions ip^ = ipn {n fixed) have definite parity, 
so that the analysis can be restricted to a; e [0, cxd) and we can assume iIj^{x) > 
for a; > sufíiciently smaU. For Ej smaU and for x smaU in (0,£j), the Schròdinger 
equation gives 

for c < Cl and Sj smaU. d/dx'ip^{x) is therefore positive for a; > small, Eq. (A.19) 
extends to all x in (0, Sj) , so that d/dx ip^x) is increasing in (0, e) and we can assume 
the normalization 

d/dxip\ej) = l . (A.20) 

Moreover, eq.(A.19) implies 

d/dxij^{x) > ^xij^{0) 
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so that 

V'·^'(O) < £j/c d/dxtl)\ej)^ej/c {A.21) 

and therefore 

< tl^^Sj) < (c-^ + l)ej {A.22) 
For X > Sj , ip^ (x) satisfies the equation 

-1/2 d^/dx'^ ÍJ^{x) + x^ i\)^{x) = E^^ i\)^{x) , (A.23) 

with the boundary conditions (A.20), (A.22) at a; = Sj. Eqs. (A.20), (A.22), (A.23) 
imply pointwise convergence of '^\x -\- Sj) ^ x e [0,oo), uniform on compact sets. 
Since for x large we have the bound 

\i\)\x)\ < ae"''^ , (A24) 

this imphes convergence of il:\x) in -í>^([0, oo) , to a limit satisfying eq.(A.23) with 
En = linij E'^ and = 0. By counting the number of zeros, it foUows that all the 

eigenfunctions of H , the Hamiltonian with Dirichlet boundary conditions in a; = 0, 
are obtained as limits of ip-}^. In order to prové eq.(A.24), since the wave functions 
ip^{x) are real and have a finite number of zeros, we can assumc ijj^ {x) > for all j , 
for X sufficiently large; the Schròdinger equation (A.23) then implies, for x > L, L 
sufficiently large 

d^/dx^ip^{x) > Mip^{x) > (^.25) 

with M = míj^^yLií^x'^ - 2i?^'). Eq.(A.25) implies d/dx ip^{x) < íot x > L and, 
by multiplication with d/dx {x) , 

d/dxiíp^f < M {-^^f 

so that 

log < log V^ (L) - M/2 X 

and the result foUows from convergence of ip-'iL) for j ^ (yo. 

A3. We will consider now a system of two independent one dimensional harmònic 
oscillator in the state 

ip = ^(V'o(a;i)V'i(a;2) + V'i(a;i)V'o(a;2)) , 
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ipo and ipi denoting respectively the ground state and the first excited state of the 
operator 1/2 (p^ + íü^x^) . With the change of coordinates 

the Hamiltonian H = + P2 + '^^í + ^^^l) becomes 



and the above state 



Since, in the new variables, the wave function is a product, we can solve sepa- 
rately the stochastic processes associated to ipi{x) and ipo{y) respectively. The y 
subsystem is in the ground state and therefore its evolution semigroup is Ay{t) — 
'4'o{y)~^ e~(^ï'~'*'/^^* ipo{y) ■ On the other hand, the subsystem is in the first 
excited state, so that Proposition A.2 applies and the associated semigroup can be 
written 

^,(í) = -1- e-(^-^^)* Vi(^) 
Wi{x) 

with Hj: the Hamiltonian with Dirichlet boundary condition at x = . The semigroup 
associated to the stochastic process of the whole system is then 

A{t) = — ^ g-(H,-^/2)t ^^^^ ^^_28) 

V[x,y) 

The expectation of the position observable Xi{t)x2{0) in Nelson Stochastic Me- 
chanics can therefore be calculated as 

(V', xi{t)x2Í0)i;)NM = {x + y)e-^^^-^°^'e-^"y-'^/^^' {x - y) i;{x,y)^ 

{A.29) 

The only non trivial term in the r.h.s. of eq.(A.29) is 



= E 



1^ |2g-(n-l)a;í 



n odd 
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Cn denoting the coefficients in the expansion of xif^i (x) in terms of the eigenfunctions 
of Hx , which can be written 

/oo poo 
'ip^{x) X 'ipi{x)dx = 2 / X ipnix) ipi{x)dx 
-oo Jo 

where the eigenfunctions ipni^) , n E'Sií odd, with eigenvalues En = (n+l/2)a; are the 
even continuation in (—00, 0) of the eigenfunctions V'n(a^) of the harmònic oscillator in 
X e (0, 00) (odd continuations also define eigenfunctions, with the same eigenvalues, 
but they are irrelevant for the above expansion). The other terms are easily calculated 
and the result is 

{^,xi{t)x2m)NM = ^[-^+ lcnl'e-(-i)-^) . (A30) 

n odd 

The same expectation in QM is given by (see Section 3) 

cos ut 

{llJ,Xi{t)X2{0)'lp)QM ■■ 
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